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Direct Determination of Phases by the Use of Linear Equations between

Structure Factors*
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From the Patterson function of a centrosymmetric structure it can be found that certain regions of
the unit cell cannot contain any atoms. This information leads to the derivation of a function,
the M function, which has the property that its product with the electron density is also the electron
density. The convolution of the Fourier coefficients of the M function with the structure factors
will therefore give the structure factors and this leads to linear equations of the form
1 ¥=+o0
Fr== 23 XpFpu.

K =—00
There are at least as many equations as unknowns and, since the Fourier coefficients of the M
function, the X’s, can be evaluated, the equations can be solved to give information about the signs
of the structure factors. The properties of the equations and their application to a hypothetical and
a real structure are described. The lines along which further development may take place are given.

1. Theory

The basis of the method described in this paper will,
for ease of illustration, be explained with reference
to a one-dimensional example, but the arguments
apply equally well in two or three dimensions. In
Fig. 1, p(z) is a hypothetical electron-density distribu-
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Fig. 1. One-dimensional electron-density distribution
with a suitable M function.

M(x)

tion and M (z) is any function which is unity wherever
there is significant electron density in o and takes
the values zero or unity elsewhere as it pleases.
For such a function M, the product of M and o will
be p, i.e.

o(x)=M(x). o(z) . (1)

Therefore, from the convolution theorem, the
Fourier coefficients of g, that is the structure factors,
will be given by the convolution of the Fourier
coefficients of g and M, i.e.

1 W=+
Fp== 2% XpFpur, @)

L B =—c0
where the F’s are the structure factors and the X’s
are the Fourier coefficients of the M function. The
length of the unit cell, L, may be replaced by the area,

* See also p. 1056 of this issue.

A4, or the volume, V, in the two- or three-dimensional
case. If the two functions ¢ and M are centrosymmetric
as illustrated, then equation (2) represents a set of
linear equations with at least as many equations as
unknowns, although in practice there will be more
equations than unknowns because of accidental
absences. Thus, if a suitable M function can be found,
the equations may be set up and solved, with a least-
squares technique, to give the structure factors both
in phase and magnitude!

A method which may nearly always be used to
obtain an M function for a real structure is to derive
it from the Patterson function as follows. In a certro-
symmetric structure, with the origin placed on a
centre of symmetry, a zero point in the Patterson
function with a position vector r means there can
be no significant electron density at a distance ir
from the origin. Therefore, a function which is zero
wherever there is insignificant Patterson density and
unity elsewhere and reduced to half-scale will be the
required M function.

2. The equations

Since the scale of M is half that of the Patterson
function two unit cells of the M function will be
required to cover one unit cell of the structure in one
dimension. Regarding these two half-size cells as one
of normal size results in the Fourier coefficients of
the M function having even indices only. This will
also be the case in two and three dimensions and it
means that each equation can only contain structure
factors belonging to the same parity group. A typieal,
though brief, set of equations linking structure factors
belonging to the odd parity group of a one-dimensional
structure is
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(Xo— L+ Xo)F1+ (Xo+ Xa)Fs+ (Xa+ Xe)Fs
+ (Xe+ Xs)F7=0
(Xo+ Xq)F1+ (Xo— L+ X6)Fa+ (Xo+ Xs)Fs
+(Xa+X10)F7=0
(Xa+Xe) P14+ (Xo+ Xg) F3+ (Xo— L+ X10)F5
+(Xeo+ X12)F7=0
(Xe+ Xa)F1+ (Xg+ X10) Fs+ (Xo+ X12) Fs
+(X0—L+X14)F7=0 .
(3)

Normally the equations have a zcro right-hand-side
vector, but it is interesting to note that the equations
relating structure factors with all even indices — the
structure invariants — contain the zero order term Fo.
Since the phase of this is known, terms containing F
will form the right-hand-side vector and the equations
will be solved explicitly for the signs of the structure
invariants. This means that for the structure invariant
equations the F'’s will have to be on an absolute scale
in order to calculate the magnitude of Fo, but this
is not necessary for the other parity groups. In addi-
tion, for other parity groups there is no term of
known sign, but multiplying each equation throughout
by one of the unknown #’s produces a squared term,
the sign of which is known. The equations can then
be solved explicitly for the product of the signs of two
structure factors of thc same parity group which
again is a structure invariant. When a set of signs
for each parity group has been obtained (explicitly
for the structure invariant group and relatively for
the others) the sign relationships inter-relating them
can be used to form a consistent set of signs for the
structure factors as a whole (Woolfson, 1957).
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Fig. 2. (a) One-dimensional structure used in testing the
properties of the equations. (b) ‘Ideal’ M function.
(¢) M function just capable of solving the structure.
(d) M function obtainable from the Patterson function.

Equation (2) was tested with the structure factors
and an M function derived from a hypothetical one-
dimensional structure (Fig.2(a) and (b)). The two
sides of the equations were evaluated and compared
and the comparison is shown in Table 1. The structure
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Table 1. Comparison of left-hand sides and right-hand
sides of equation (2)

h Fp P h Fp P h  Fy z
° 7407 7404 44 ~1.56 =1.56 88 =0.31 ~=0.32
T 0e32 0e33 45 =0e16 =0.16 89 Ie12 Telx
2 0e61 061 46 =3.25 =3427 90 0.68 0.67
3 Oez5 0e25§ 47 =—0e30 =0e30 91 0.81 0e81
4 Ie10 1.10 48 =1.04 -1.05 92 030 0430
S TIe49 “Te48 49 Ie46 1447 93 "0s57 —0.57
6 0.83 0483 50 0459 0+60 94 0e30 0e29
7 =0e69 =~0.68 st 0.18 o0.18 95 =0.04 =0.03
8 2e22 3e21 52 "3e44 ~2.46 96 =0.48 -0.47
9 23465 3463 53 178 I.79 97 =0e29 =0430
10 =3e23 —3e22 54 =0e56 =0457 98 0493 0490
I1 ~1e90 =I1.88 55 =—0e6I =0,62 99 "0436 =035
12 —0.85 =085 56 1e10 Iel2 100 0400 =0.0I
I3 =1.84 =-1.83 57 2044 3e47 I0I =0.66 =0.6%
14 4025 =424 58 1.33 .34 102 =0.34 =0+32
15 IeIO Tel0 59 I.09 Telr 103 =0e45 “0e42
16 =1.38 =1.37 60 0e02 c.01 I04 ~0e20 —0+20
17 2614 2412 61 ~0e4I ~Oe4l 10§ =0e7I =0469
18 ~1.76 =~1.77 62 1466 I.67 106 0e40 0437
19 =221 —2421 63 =I.I4 <~re1§ 107 0e3I 0430
30 =1.82 =~1,82 64 0e19 Oel9 108 =0.35 =0.33
E3 1 Ie40 .38 65 1433 1.35 I09 ~0eI6 =0.I4
23 =3e34 =333 66 1e72 173 110 =0,06 ~0.0%§
33  0e39 0.38 67 ~I.33 ~I.34 III  =0.09 —0+07
34 3423 3e23 68 0e32 0e32 II2 =—0e13 ™=0eI3
35 1.79 1.77 69 =I.52 *~I.§§ 113 0.19 0e16
26 .38 .38 70 ~0.36 =0.37 114 0e02 0,03
37 Oel0 Ge09 71 ™0e97 =099 115 0478 0.69
38 0018 0eI9 72 =I.02 =1.03 116 0.08 0.08
29 0.68 0467 73 T0e37 =0e39 117 =001 =0a.01
30 Ie8r  1.81 74 I.26 1428 118 0e04 0.0§
31 =2.03 =2.03 75 ™0e74 =0e7§ 119 0e3I 0.27
33 4410 4ell 76 =Ie44 =Ie4s 130 =042§5 =0.21
33 23465 2466 77 0e04 0e03 121 Oel9 O.I4
34 I.02 1.03 78 =0.97 —0.97 122 0.I4 0.13
35 =1e39 “Ie39 79 =0e43 =0e43 123 0e2§ 0.19
36 Ie11 Ie12 80 =0.50 =0.49 124 0eI9 Oe1§
37 =209 =2,09 81 0e52 0e53 I2§ =0eI2 =0.I0
38 0416 0016 82 0eS53 GeS52 136 =0.19 =-0.13
39 ~Ie64 ~1.63 83 Te47 1449 127 0.01 0.02
40 =0.58 —0.58 84 =1.00 =0.99 128 =0.08 =0.07
41 1.86 1.88 8s 0e39 0.39 139 =0.34 =0e26
43 os10 o0e10 86 Oe4l 0e41

43 "3483 =2.84 87 0s12 Oel4

RESIDUAL = 1-29,

was centrosymmetric and contained five equal atoms
in the asymmetric unit in a unit cell 100 A long.
The equations hold quite well and the agreement,
expressed as a residual, is 1:29,. Most of the errors
are probably due to termination of infinite series,
since the structure factors were only calculated to the
limit of copper K« radiation.

3. Solution of the equations

It seemed probable from the original tests of the
equations that they could be solved to give a fairly
reliable solution for both the magnitudes and phases
of the structure factors, but the first attempts at
obtaining such a solution indicated otherwise. The
Fourier coefficients of an M function, derived from
the Patterson function of the structure as described
in §1, were used to set up the equations, but the
solutions bore little resemblance to the original
structure factors. It was thought, however, that the
more ‘zero’ as opposed to ‘unity’ there was in the
M function, the better the solution of the equations
would be. This is reasonable since it increases the
magnitudes of the elements on the main diagonal of
the left-hand-side matrix (see equation (3)) and makes
the equations better conditioned. It can also be
explained physically by the fact that this allows less
space in the unit cell into which the atoms can be
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placed and so restricts to a greater degree the form
the structure can take. In addition, the magnitudes
of the structure factors were incorporated into the
equations by writing Fr=|F|S(R); the equations
could then be solved for the S’s, the values of which
should be either +1 or —1.

With these ideas in mind, and using a knowledge
of the structure, an ‘ideal’ M function was generated
which contained the maximum amount of ‘zero’
compatible with the restrictions placed on the func-
tion. One such restriction was that it should have
the same symmetry as that which could be obtained
from the Patterson function, as shown in Fig. 2(5),
since in any real case there would be such symmetry.
When the equations set up with the use of the Fourier
coefficients of this ideal M function and the magni-
tudes of the structure factors were solved, 36 out
of the 63 signs determined were correct. This was
obviously not very satisfactory, but it was noted that
the signs of the S’s corresponding to the largest
structure factors were correct, with values of the order
of +1, while the signs of the §’s corresponding to
structure factors of smaller magnitude were quite
random, compared with the true signs, and with
values ranging from —124 to +17. However, for
these particular variables the equations were poorly
conditioned because the coefficients of the equations
were now multiplied by the magnitudes of the struc-
ture factors, making the coefficients for a particular
S small when the magnitude of the corresponding
structure factor was small. A solution in which all
the 8’s were determined correctly may have been
expected, since perfect data were used with an ideal
M function. The fact that such a solution was not
obtained in this case can only be due to the termina-
tion-of-series errors, apart from the poor conditioning
mentioned earlier. Equation (2) represents an infinite
number of equations with an infinite number of
unknowns and these obviously cannot be handled in
practice. The equations actually used are finite in
number with a finite number of unknowns, and even
with perfect data can be no more than an approxinma-
tion to equation (2); it will be recalled that under these
conditions the agreement between the two sides of
equation (2), expressed as a residual, is 1-2%,.

Some of the structure factors of low magnitude
were made equal to zero by omitting the corresponding
columns from the left-hand-side matrix, S(h)=0 being
thought a better approximation to +1 than —124
or +17. This resulted in more equations than un-
knowns and when these were solved, by a least-squares
method, the sign determination for the remaining
structure factors was greatly improved. It was found
empirically that neglecting all structure factors whose
magnitudes were less than 1/10 of that of the largest
gave the greatest likelihood of the solution being
correct. When this was done, 36 out of 39 signs were
correctly determined. The remainder were obtained
by accepting the signs of the largest structure factors,
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which were the most likely to be correct, adding their
contributions to the right-hand side of the equations
and re-solving them, again neglecting the structure
factors whose magnitudes were less than 1/10 of the
maximum now present. By resolving the equations
two or three times in this way all the signs were
eventually dctermined correctly.

However, an ideal M function, which is unobtain-
able in practice, had been used for the sign determina-
tion, so more realistic functions were generated and
used in turn in the equations to find out how much
of the M function could be made equal to unity
before the sign determination became unreliable.
In the extreme case, where the M function is unity
everywhere, the equations become Fr=F} and cannot
be solved. It was convenient to define a parameter
of the M function as @=1I/l;, where o is the length
of the unit cell of the function equal to zero and
l; is the length of the unit cell equal to zero in the
ideal case. Thus, in the ideal case, ¢ =1-00 (Fig. 2(b))
and for an M function which is everywhere equal to
unity, @ will be zero. With this nomenclature, it was
found that the M function obtainable from the
Patterson function for this particular structure cor-
responded to ¢=0-17 (Fig.2(d)) and that the M
function which was just capable of solving the struc-
ture, by the method described, had a value of ¢ equal
to 0-33 (Fig. 2(c)). It should be noted that Mo.33 is
much nearer the practical than the ideal case, and it
is rather surprising that the structure can be solved
with the apparently small amount of information
contained in this M function.

4. Further properties of the M function

So far only ‘well-behaved’ M functions have been
mentioned, that is those which multiply all electron
density by unity and have their zero points only where
there is insignificant electron density. However, it is
quite possible to generate an M function which
multiplies a significant amount of electron density
by zero, and it is important to see what effect this
has on the sign-determining properties of the equa-
tions.

Since M functions with a low value of ¢ give poor
sign determination, functions with a high ¢ value
were chosen and modified to multiply various amounts
of electron density by zero. It was found that sign
determination deteriorated with the modified M
functions, the amount of deterioration depending
upon the value of ¢ and the way in which the electron
density was multiplied by zero. With a value of ¢
equal to unity and electron density multiplied by zero
in a symmetrical way, that is to multiply only the
centres of the atoms by unity, the sign determination
was very good, but when the atoms were multiplied
by zero in an unsymmetrical way many wrong sign
indications resulted. As soon as the value of ¢ was
lowered the sign determination became very poor
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indeed, even when only a slight amount of electron
density was multiplied by zero. It appears, therefore,
that in the practical case the good sign-determining
properties of the equations are critically dependent on
all significant electron density being multiplied by
unity in the M function.

This has direct bearing on the ‘sharpening’ of the
Patterson function to increase the volume of in-
significant density in order to improve the quality
of the derived M function. It is well known that series
termination errors can become quite significant when
the structure factors are ‘sharpened’ and these give
rise to spurious detail in a Fourier synthesis. As far
as the M function is concerned this spurious detail,
whether it be negative or positive, is real and therefore
must be multiplied by unity as is the remainder of
the electron density. Failure to do this greatly detracts
from the ability of the M function to determine signs
correctly. This has been borne out in practice and
it is found that little is to be gained in the sharpening
of the Patterson function. If more data were available,
such as can be collected by using molybdenum as
opposed to copper radiation, this would reduce the
series-termination errors and it ought to be possible
to sharpen the Patterson function a certain amount
without serious consequences.

5. Practical results

Even though the method had failed to solve the
one-dimensional structure, it was possible that an
M function as good as Mo.z3, or better, could be
obtained for a real structure in three dimensions.
Two-dimensional work was out of the question
because a two-dimensional Patterson function would
not contain sufficient areas of negligible density.
A known structure was therefore tackled for which
three-dimensional data were available, namely tetra-
ethyldiphosphine disulphide (Dutta & Woolfson, 1961).
This was chosen because it contained only six atoms
in the asymmetric unit and had a small unit cell.
Even with this small cell, only reflexions out to a
sin § value of 0-9 for copper Ko radiation could be
used in the sign determination because of the limited
store in the Mercury computer used to perform the
calculations.

The M function of the structure was obtained by
the method described in § 2 and the equations for the
structure invariants were set up and solved, using
111 reflexions out of the 149 which had been observed.
The signs determined in this way were quite random
as compared with the true signs, and the structure
could not possibly have been solved. However,
a parallel calculation was performed by using the
moduli of the structure factors calculated from the
known structure and the sign determination this time
was very good, 57 signs being determined correctly
out of 75. The calculations were stopped at this stage
because, from experience, it was known that a result

1049

as good as this can easily be improved to give all
the signs correctly.

The main difference between the two calculations
was in the quality of the Patterson function. The
experimental data with their random errors produced
a Patterson function with a lot of background density
and much spurious detail. This resulted in a poor
M function with a @ value estimated at about 0:17,
but with accurate data the background of the Pat-
terson function was greatly reduced and an M func-
tion with an estimated ¢ value of about 0-48 was
obtained. This is discussed further in §7.

6. Weighted solution of the equations

It will be recalled that the equations give poor sign
determination until the signs of the smaller structure
factors are forced to be zero by omitting these variables
from the left-hand-side matrix. A better way of
approximating these signs to +1 is to add to the
original equations further equations of the form

wS(h)=0

and then to solve the resulting set by least squares.
S(k) is the sign of F, and w is a weighting factor
inversely proportional to |Fj|. The constant of pro-
portionality is defined as

r.m.s.drs

‘r.m.s. 1/|Fy|

where r.m.s. 1/|Fp| is the root mean square of all
the values of 1/|Fy|, r.m.s. ass is the root mean square
of the elements of the original matrix and W is an
arbitrary constant. It has been found empirically
that the best value for W is unity. One equation of
this type is included for each variable and in this way
the signs of the small structure factors which would
normally tend to take any value between -+ 100 and
—100 are approximated to zero while the values the
signs of large structure factors can take are almost
unrestricted. The improvement in the sign determina-
tion is such that the one-dimensional structure may
be solved by using an M function with a value of ¢
equal to 0-25.

7. Future developments

The Manchester University Mercury computer has
been used to perform all the calculations and the
backing store of this machine is limited to 10,752
words when Autocode is used. When the extra weight-
ing equations just described are used this limits the
number of reflexions which can be accommodated to
65. Even quite a simple structure will probably have
more than 100 reflexions in each parity group in
three-dimensional data, so work on actual structures
will be held up until the new Atlas computer becomes
fully available early in 1963. The computing times
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on Mercury tend to be rather long and it takes about
5 hours to carry out one of the three-dimensional
calculations performed on tetraethyldiphosphine di-
sulphide data; to solve this structure completely
would take an estimated 20 hours of machine time.
Calculations of this length are not really feasible on
Mercury, so on this account also development will
be held up until Atlas becomes available, but a
number of ideas are waiting to be tried out when time
and computer permit and are outlined below.

The weighting equations mentioned in §6 serve
to approximate the solutions of the equations to zero,
this being nearer to + 1 than the extreme values for
some S’s obtained without the extra equations.
A better approximation to +1 would be achieved
by using equations of the form

w(82(h)—1)=0 .

This introduces quadratic equations which must be
solved simultaneously with the original linear equa-
tions, and there exists a mathematical technique for
doing this.

The sign determination with the experimental data
for tetraethyldiphosphine disulphide failed because
of the poor quality of the Patterson function. The
present method of deriving the M function from the
Patterson function is very much dependent on the
background density of the latter. If a contour level
is chosen such that any Patterson density below this
is considered to be negligible, it is quite possible that
some of the spurious detail can come above this
contour and so detract from the quality of the M
function. On the other hand, a contour level which
is the height of the lowest genuine peak ought to be
well above all background density. Using this contour
to form the boundary between the ‘zero’ and ‘unity’
in the M function will produce an M function which
will multiply a certain amount of electron density by
zero because the Patterson peaks will be effectively
narrowed. This can be avoided by making the M
function unity within the necessary radius around all
the volumes of ‘unity’ already present and the
remainder of the M function will then be zero. This
method of deriving the M function will be much less
dependent on the background of the Patterson func-
tion and so less dependent on random errors in the
intensity data.

A very useful prediction to make is the probability
of the signs given by the equations being correct.
This could well give an indication of the number of
signs from a solution of the equations which can be
accepted as being correct in order to add these terms
to the right-hand side and redetermine the remainder.
A method for doing this has been worked out in theory
but has not yet been tried out in practice.

Even if these equations do not prove to be very
powerful in determining signs directly from the
Patterson function, they could still serve to determine
the signs of the rest of the structure factors if once
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the phases of the structure invariants were known.
A Fourier synthesis using the structure invariants
alone contains the whole structure with extra trans-
lations added to the space group symmetry. An M
function derived from such a Fourier synthesis would
be of much better quality than one derived directly
from the Patterson function, and the sign determina-
tion using this M function will be very good.

These equations can be put to further use as a test
for sets of signs obtained by established direct
methods. The exact form this test will take is not
yet known, but many possibilities present themselves
and these will be investigated in the course of time.
The advantages of the proposed new test are that
the test function will be completely independent of
overlap and of different types of atom and that a
one-dimensional summation only will be required as
opposed to the two-dimensional summation necessary
in the Z-test (Woolfson, 1958). The latter point is
important because in the computer application of
direct methods large numbers of plausible sets of
signs may be generated which must be tested in the
minimum amount of time. However, it remains to
be seen whether this new test will be sufficiently
discriminating against wrong sets of signs to allow
the correct set to be identified.

8. Discussion

In § 2 it was mentioned that the equations are solved
for structure invariants only, that is a structure
factor whose indices are all even or the product of
two structure factors belonging to the same parity
group. This is in contrast with Harker & Kasper
inequalities (Harker & Kasper, 1948), sign relation-
ships (Sayre, 1952) and the method of Hauptman &
Karle (1953), which in general give the sign of a
product of three structure factors or of a single
structure invariant. Only in a special application of
Harker & Kasper inequalities is the sign of a product
of two structure factors given and then it is always
negative. It should be noted that apart from this one
negative indication, inequality relationships can only
be used to prove signs positive. In addition, sign
relationships and the method of Hauptman & Karle
(1953) can give strong indications that the sign of a
structure invariant (either a single structure factor
or the product of three related structure factors)
is positive, but can only give very weak negative
indications. On the other hand, the latest method of
Hauptman & Karle (1962), which calculates phases
directly from the Patterson function, can give negative
sign indications as well as positive, and the method
of sign determination described in this paper will
determine the sign of a structure invariant, with
equal facility and probability of it being correct,
whether it be positive or negative.

From §5 it appears that at the present stage of
development simple centrosymmetric structures may
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be solved provided that accurate three-dimensional
data are available. Using some of the ideas outlined
in §§ 6 and 7 should improve the method and it remains
to be seen whether it will turn out to be comparable
to established direct methods in its power to solve
structures. At the moment no predictions can be
made about the method and it remains an interesting
academic project which shows enough promise to
make further research worth while. The limitations of
the method are not yet precisely known, but ob-
viously there will be a limit to the number of atoms
in a unit cell of a structure whose Patterson function
will contain a sufficient volume of negligible density.
This limit is thought to be about 80 atoms.

As was mentioned previously, the use of this method
is almost certain to be limited to three-dimensional
work, but this should not be a great disadvantage
in these days of automatic diffractometers andhigh-
speed computers. Indeed, it is well suited to a com-
pletely automatic solution of a structure, since very
few decisions must be made during the course of the
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calculations and these could easily be programmed
in a computer.

The authors wish to thank Dr R. A. James of the
Mathematics Department of this College for his
assistance with some of the mathematies connected
with this project. One of us (P.M.) acknowledges
with thanks a research studentship from the Depart-
ment of Scientific and Industrial Research.
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Diffraction by Atoms Distributed at Random at Lattice Sites

By A. M. Cormack
Physics Department, Tufts University, Medford, Mass., U.S.A.

(Received 13 June 1962)

A recurrence procedure is given for the calculation of the mean amplitude, its dispersion, and the
mean intensity diffracted by a set of lattice sites occupied at random by atoms of various kinds.
A three-dimensional lattice is treated when no correlations are present. An example (with no cor-
relations) is given which pertains to Mossbauer scattering, and explicit formulae are given if
there are only two types of atom with correlations.

1. Introduction

If a crystal contains atoms of iron of normal isotopic
composition, the iron atoms will all be situated at
lattice sites, but 2:29, of the sites will be occupied
by 5Fe atoms, distributed at random. These 5Fe
atoms diffract X.rays in exactly the same way as
the other iron atoms except for wavelengths in the
neighborhood of 0-86 A. At about this wavelength
X-rays can be resonantly scattered by the nuclei of
the 5"Fe atoms as well as the atomic electrons. Since
the phase and amplitude of the nuclear resonance
scattering can be varied in a controlled way (Mossbauer
effect), interference effects between scattering from
the atomic electrons and the nuclei are to be expected,
and these have very interesting implications for the
phase problem. From the point of view of diffraction,
however, the problems are: to calculate the average
amplitude scattered from a set of atoms distributed

at random at lattice sites, to see whether the distribu-
tion of amplitude is well defined about the average,
and, if it is, to calculate the interference between
this amplitude and the amplitude of the normal X-ray
scattering from the atomic electrons. This will be
discussed briefly in § 2.

In finding the solution to this problem, a simple
recurrence procedure was found which could be used
to obtain fairly complete statistical information about
more general problems, and the purpose of this note
is to apply the procedure to the case where lattice sites
are occupied at random by several different types of
atom. The results for the average scattered intensity
seem to be known in the case where there are no
correlations between atoms of various types. Nearest
neighbor correlations have been considered by Hen-
dricks & Teller (1942), Wilson (1942), and Jagodzinski
(1954), but again only for the intensity.

Consider an ideal lattice of N sites which may be



