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F r o m  the  P a t t e r s o n  func t i on  of a c e n t r o s y m m e t r i c  s t r u c t u r e  it  can  be found  t h a t  ce r t a in  regions of 
t h e  un i t  cell c a n n o t  con ta in  a n y  a toms .  This  i n f o r m a t i o n  leads to  the  de r iva t i on  of a func t ion ,  
t he  M func t ion ,  wh ich  has  the  p r o p e r t y  t h a t  its p r o d u c t  wi th  t he  e lec t ron  dens i ty  is also t he  e lec t ron  
dens i ty .  The  convo lu t ion  of the  Four i e r  coeff icients  of the  M func t ion  wi th  the  s t r u c t u r e  fac tors  
will therefore give the structure factors and this leads to linear equations of the form 

I h'=+oo 
Fh = -~ .~ Xh" Fh-h" . 

h" = --co 

There are at least as many equations as unknowns and, since the Fourier coefficients of the/]~ 
function, the X's, can be evaluated, the equations can be solved to give information about the signs 
of the structure factors. The properties of the equations and their application to a hypothetical and 
a real structure are described. The lines along which further development may take place are given. 

1. T h e o r y  

The basis of the method described in this paper  will, 
for ease of i l lustration,  be explained with reference 
to a one-dimensional example,  but  the a rguments  
apply  equally well in two or three dimensions. In  
Fig. 1, @(x) is a hypothet ical  electron-density distribu- 
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Fig. 1. One-dimensional electron-density distribution 
with a suitable M function. 

t ion and M(x) is any  funct ion which is un i ty  wherever 
there is significant electron densi ty  in @ and takes  
the  values zero or un i ty  elsewhere as it  pleases. 
For  such a function M, the product  of M and @ will 
be @, i.e. 

o(z)= M(x). Q(z). (1) 

Therefore, f rom the convolution theorem~ the 
Fourier  coefficients of @, t h a t  is the s t ructure  factors, 
will be given by  the convolution of the Fourier  
coefficients of @ and M, i.e. 

1 h'=+oo 
Fh = -L 2, Xh'Fh-h' ,  (2) 

h' = --0o 

where the F ' s  are the  s t ruc ture  factors and the X ' s  
are the Fourier  coefficients of the M function. The 
length of the uni t  cell, L, m a y  be replaced by the area, 

* See also p. 1056 of this issue. 

A, or the volume, V, in the  two- or three-dimensional  
case. I f  the two functions @ and  M are cent rosymmetr ic  
as i l lustrated,  then  equat ion (2) represents a set of 
linear equations with a t  least  as m a n y  equations as 
unknowns,  a l though in practice there will be more 
equations t h a n  unknowns because of accidental  
absences. Thus, if a suitable M funct ion can be found, 
the equations m a y  be set up and solved, with a least- 
squares technique,  to give the  s t ruc ture  factors both 
in phase and magni tude!  

A method  which m a y  near ly  a lways be used to 
obtain  an  M function for a real s t ruc ture  is to derive 
it  from the Pa t te r son  function as follows. In  a ceptro- 
symmetr ic  s t ructure ,  with the  origin placed on a 
centre of symmet ry ,  a zero point  in the  Pa t te r son  
function with a position vector r means there can 
be no significant electron densi ty  a t  a distance ½r 
from the origin. Therefore, a funct ion which is zero 
wherever there is insignificant Pa t t e r son  densi ty and 
un i ty  elsewhere and reduced to half-scale will be the 
required M function. 

2. T h e  e q u a t i o n s  

Since the  scale of M is half  t h a t  of the  P~t terson 
function two unit  cells of the  M function will be 
required to cover one unit  cell of the s t ructure  in one 
dimension. Regarding these two half-size cells as one 
of normal  size results in the Fourier  coefficients of 
the  M function having even indices only. This will 
also be the case in two and three dimensions and it 
means t h a t  each equat ion can only contain s t ruc ture  
factors belonging to the  same pa r i ty  group. A typical ,  
though brief, set of equations linking s t ructure  factors 
belonging to the  odd par i ty  group of a one-dimensional 
s t ructure  is 
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(Xo - L + X2)F1 + (X2 + X4)F3 + ( X 4  -~ X 6 ) F 5  

+ (Xo + Xs)F7 = 0 
( X2 + X4)F1 + (Xo - L + X6)F3 + (X2 + Xs)F5 

2C (X4 -~ XI0)F7 = 0 

(X4 -{- X6)F1 + (X2 2c Xs)F8 + (Xo-  L + Xlo)F5 
+ (X~ + XI~)F7 = 0 

(X6  -~- X s ) F 1  -~- ( X 4  -~- X~o)Fa + (Xe + X~)Fs 

+ (Xo - L + X14)F7 = 0 .  

(3) 

Normal ly  the equat ions h a v c a  zcro r ight-hand-side 
vector, but  i t  is interest ing to note t ha t  the  equations 
relating s t ruc ture  factors with all even indices - -  the 
s t ruc ture  invar iants  - -  contain the zero order te rm 2'o. 
Since the phase of this is known, terms containing F0 
will form the r ight-hand-side vector  and the  equations 
will be solved explicitly for the  signs of the s t ruc ture  
invar iants .  This means t h a t  for the s t ructure  invar ian t  
equat ions the  F ' s  will have to be on an absolute scale 
in order to calculate the  magni tude  of F0, but  this 
is not  necessary for the  other  pa r i t y  groups. In  addi- 
tion, for other  pa r i t y  groups there is no te rm of 
known sign, but  mul t ip lying each equat ion throughout  
by one of the unknown F ' s  produces a squared term,  
the sign of which is known. The equat ions can then 
be solved explicit ly for the product  of the  signs of two 
s t ruc ture  factors of the same pa r i ty  group which 
again is a s t ructure  invar iant .  When  a set of signs 
for each pa r i ty  group has been obtained (explicitly 
for the s t ruc ture  invar ian t  group and  relat ively for 
the others) the  sign relationships inter-relat ing them 
can be used to form a consistent set of signs for the 
s t ructure  factors as a whole (Woolfson, 1957). 
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Fig. 2. (a) One-dimensional structure used in testing the 
properties of the equations. (b) 'Ideal' M function. 
(e) M function just capable of solving the structure. 
(d) M function obtainable from the Patterson function. 

Equa t ion  (2) was tes ted with the s t ruc ture  factors 
and an M funct ion derived from a hypothet ica l  one- 
dimensional  s t ruc ture  (Fig. 2(a) and (b)). The two 
sides of the equations were eva lua ted  and compared 
and the comparison is shown in Table 1. The s t ruc ture  

Table l. Comparison of left-hand sides and right-hand 
sides of equation (2) 

h Fh 2: h Fh Z h Fh / :  
o 7.07 7.04 44 -Z.56 -Z,56 88 -o.3! -0.33 
Z o.32 o.33 45 -o.z6 -o.x6 89 X.z2 Z.XZ 
z o.6x o.6z 46 -3-25 -3.27 9 ° 0.68 o.67 
3 °'25 o-25 47 -o-3o -0-30 9 z o.83 o.8z 
4 X.XO X.ZO 48 -X*04 -z.o 5 93 o,3o 0.30 
5 -Z'49 -I*48 49 1-46 1-47 93 --0,57 -0-57 
6 0.85 o,85 50 0.59 0.6o 94 0-30 0,29 
7 --0-69 -o.68 5I 0.I8 o.z8 95 -0-04 --0.03 
8 2.23 2. ZZ 53 --2.44 --3.46 96 --0.48 -0.47 
9 3-65 3-63 53 X-78 X-79 97 --0,29 -0,30 

XO --3.22 --3.22 54 --0-56 -0,57 98 0.93 o.90 
IZ --Z.90 --I,88 55 --0.6Z --0,62 99 --0.36 -0*35 
ZS --0.85 --o.85 56 Z.ZO Z.Z2 ZOO o,oo --O.OZ 
Z3 --I'84 --1"83 57 2-44 2°47 ZOZ -0.66 --0.65 
14 --4-25 --4,24 58 Z-33 Z.34 Zo2 --0.34 --0.32 
z5 z . z o  z . x o  59 z . o 9  z . z z  zo 3 - 0 . 4 5  - o . 4 2  
Z6 --Z,38 --Z.37 60 0.02 O.OZ Zo 4 --0.20 --0.2o 
17 2*Z 4 3,Z2 6Z --o,41 --0.43 iO 5 --0.7Z --0.69 
Z8 --l.76 --l.77 62 1.66 1.67 lo6 0°40 0.37 
X9 --2.23 --2.23 63 --Z.Z 4 --Z.Z 5 io 7 O.33 0.30 
30 --Z.82 --1.83 64 o-x 9 O.Z 9 I08 --0.35 --0.33 
SI 1.40 Z.38 65 Z.33 Z.35 ZO 9 -0.16 --o.z 4 
22 --3"34 --3"33 66 1.72 1.73 z I o  -o.o6 -o.o 5 
23 0-39 0°38 67 -z*33 -I-34 fix -0.09 -o.o7 
24 3.23 3.22 68 o.33 0.32 zz2 -o.z 3 -o.z 3 
35 z.79 1-77 69 -I.52 -l.55 zz3 o.I 9 o. I6 
26 Z.38 Z.38 7 ° -0-36 -0,37 zl 4 o.o2 o.o2 
27 O.IO 0.0 9 7X -0.97 -0.99 IX 5 0.78 0.69 
~8 o.z8 O.Z 9 72 -z.o2 -I.o 3 ZZ6 o.o8 o.o8 
29 0.68 o.67 73 -0-37 -o-39 If7 -o.ol -o.oz 
30 Z.8Z z.Sz 74 z,26 Z.28 IX8 0.04 0 . 0 5  
3 z -3"03 ~3"°3 75 -°,74 -0-75 IX9 0*3Z o.27 
32 4. I0 4*ZZ 76 -Z*44 --Z*45 Z2O -0.25 -0,2Z 
33 ~'65 ~.66 77 0-04 0-03 Z21 O,Z 9 o.I 4 
34 Z.o3 Z.O3 78 -0,97 -o*97 322 O.Z 4 o.z 3 
35 -I'39 -X-39 79 -0-43 -0*43 323 0.25 o.19 
36 z . z z  z . z 2  80 -0.50 -0.49 Z2 4 O.39 o.z5 
37 -2-o9 -2.o9 8z 0.52 o.52 z25 - o . z 2  - o . z o  
38 o.z6 OoX6 83 o.5~ o.53 za6 -OOZ9 -o.z 3 
39 -z-64 -x-63 83 z-47 z.49 127 o.oz o.o2 
4 ° -0-58 -o.58 84 -z.oo -0.99 128 -0.08 -0.07 
4 z z.86 z.88 85 0-39 o-39 339 -o.34 -o.26 
4 ~ O.ZO O.ZO 86 0.4Z o.4z 
43 -~'83 --~-84 87 o.32 O.Z 4 

RESIDUAL = 1.2%. 

was cent rosymmetr ic  and contained five equal a toms 
in the asymmet r ic  uni t  in a unit  cell 100 /~ long. 
The equations hold quite well and the agreement ,  
expressed as a residual,  is 1.2%. Most of the  errors 
are probably  due to te rmina t ion  of infinite series, 
since the s t ruc ture  factors were only calculated to the 
limit of copper Ka radiat ion.  

3 .  S o l u t i o n  o f  t h e  e q u a t i o n s  

I t  seemed probable  from the original tes ts  of the 
equations t ha t  they  could be solved to give a fa i r ly  
reliable solution for both the  magni tudes  and phases 
of the  s t ruc ture  factors,  but  the  f irst  a t t emp t s  a t  
obtaining such a solution indicated otherwise. The 
Fourier  coefficients of an M function, derived from 
the Pa t t e r son  funct ion of the  s t ruc ture  as described 
in § l,  were used to set up the equations,  but  the  
solutions bore little resemblance to the  original 
s t ruc ture  factors. I t  was thought ,  however,  t h a t  the 
more 'zero' as opposed to 'uni ty '  there was in the 
M function, the  be t te r  the  solution of the equations 
would be. This is reasonable since it  increases the 
magni tudes  of the elements on the  main  diagonal of 
the left-hand-side ma t r ix  (see equat ion (3)) and makes  
the  equations bet ter  conditioned. I t  can also be 
explained physically by  the fact  t ha t  this allows less 
space in the unit  cell into which the a toms can be 
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placed and  so restricts to a greater degree the form 
the structure can take. In  addit ion,  the  magni tudes  
of the structure factors were incorporated into the 
equations by  writ ing FI,=IFI, IS(h); the  equations 
could then  be solved for the S's, the  values of which 
should be either + 1 or - 1. 

Wi th  these ideas in mind,  and  using ~ knowledge 
of the structure,  an  ' ideal '  M funct ion was generated 
which contained the m a x i m u m  amount  of 'zero' 
compatible  wi th  the  restrictions placed on the func- 
tion. One such restr ict ion was tha t  i t  should have 
the  same s y m m e t r y  as t ha t  which could be obtained 
from the Pat terson function, as shown in Fig. 2(b), 
since in any  real case there would be such symmetry .  
When  the equations set up wi th  the use of the :Fourier 
coefficients of this  ideal M funct ion and  the magni- 
tudes of the s tructure factors were solved, 36 out 
of the 63 signs de termined were correct. This was 
obviously not  very  satisfactory, but  i t  was noted tha t  
the signs of the  S's corresponding to the largest 
structure factors were correct, with values of the order 
of + 1, while the signs of the S's corresponding to 
structure factors of smaller  magni tude  were quite 
random, compared with the true signs, and with 
values ranging from - 1 2 4  to +17.  However, for 
these par t icular  variables the equations were poorly 
conditioned because the coefficients of the equations 
were now mul t ip l ied  by  the magni tudes  of the struc- 
ture factors, making  the coefficients for a par t icular  
S small  when the magni tude  of the corresponding 
structure factor was small.  A solution in which all  
the  S's were de termined correctly m a y  have been 
expected, since perfect da ta  were used wi th  an  ideal 
M function. The fact tha t  such a solution was not  
obtained in  this  case can only be due to the termina-  
tion-of-series errors, apar t  from the poor conditioning 
ment ioned earlier. Equat ion  (2) represents an infinite 
number  of equations with an  inf ini te  number  of 
unknowns and  these obviously cannot be handled  in 
practice. The equations ac tual ly  used are finite in 
number  wi th  a f ini te  number  of unknowns,  and even 
wi th  perfect da ta  can be no more than  an approxima- 
t ion to equation (2) ; i t  will  be recalled tha t  under  these 
conditions the agreement  between the two sides of 
equat ion (2), expressed as a residual,  is 1-2%. 

Some of the st ructure  factors of low magni tude  
were made equal  to zero by  omit t ing the corresponding 
columns fr0m the left.hand.side matrix, Nh)=0 being 
thought  a bet ter  approximat ion  to _+ 1 t han  - 1 2 4  
or +17.  This resulted in more equations t h a n  un- 
knowns and  when these were solved, by  a least-squares 
method,  the  sign determinat ion for the remaining 
structure factors was great ly  improved. I t  was found 
empir ical ly  tha t  neglecting all  s tructure factors whose 
magni tudes  were less t han  1/10 of tha t  of the largest 
gave the  greatest  l ikelihood of the solution being 
correct. When  this  was done, 36 out of 39 signs were 
correctly determined.  The remainder  were obtained 
by  accepting the signs of the largest s t ructure factors, 

which were the most  l ikely  to be correct, adding thei r  
contr ibut ions to the r igh t -hand  side of the equat ions 
and  re-solving them, again neglecting the s t ructure  
factors whose magni tudes  were less t han  1/10 of the 
m a x i m u m  now present.  By  resolving the equat ions 
two or three t imes in this  way all  the signs were 
eventua l ly  determined correctly. 

However, an ideal M function, which is unobta in-  
able in practice, had  been used for the sign determina-  
tion, so more realist ic functions were generated and  
used in tu rn  in  the equations to f ind out how much  
of the M funct ion could be made  equal to un i ty  
before the sign determinat ion became unreliable.  
In  the extreme case, where the M funct ion is un i ty  
everywhere,  the equations become Fh = F~ and cannot 
be solved. I t  was convenient to define a parameter  
of the M funct ion as c#=lo/l,, where l0 is the length 
of the  uni t  cell of the funct ion equal  to zero and  
l, is the length of the  uni t  cell equal  to zero in the  
ideal  case. Thus, in the ideal case, f = 1.00 (Fig. 2(b)) 
and for an M funct ion which is everywhere equal  to 
uni ty ,  ~0 will be zero. Wi th  this nomenclature,  i t  was 
found tha t  the M funct ion obta inable  from the 
Pat terson funct ion for this  par t icu lar  s tructure cor- 
responded to ~ = 0 . 1 7  (Fig. 2(d)) and  tha t  the  M 
funct ion which was just  capable of solving the struc- 
ture, by  the  method described, had a value of ~ equal  
to 0.33 (Fig. 2(c)). I t  should be noted tha t  Mo.33 is 
much  nearer  the pract ical  t han  the ideal case, and  i t  
is ra ther  surprising tha t  the structure can be solved 
with the apparen t ly  small  amount  of informat ion 
contained in  this  M function. 

4. Further  propert ies  of the M function 

So far only 'well-behaved'  M functions have been 
mentioned,  tha t  is those which mul t ip ly  all electron 
densi ty  by  un i ty  and have their  zero points only where 
there is insignif icant  electron density.  However, i t  is 
quite possible to generate an  M funct ion which 
mult ipl ies  a significant amount  of electron densi ty  
by  zero, and i t  is impor tan t  to see what  effect this  
has on the s ign-determining properties of the equa- 
tions. 

Since M functions with a low value of ~ give poor 
sign determinat ion,  functions wi th  a high ~ value 
were chosen and modified to mul t ip ly  various amounts  
of electron density by zero. It wa~ found that sign 
determinat ion deteriorated with the  modified M 
functions, the amount  of deteriorat ion depending 
upon the value of ~0 and the way in which the electron 
densi ty  was mul t ip l ied  by  zero. Wi th  a value of ~0 
equal  to un i ty  and electron densi ty  mul t ip l ied  by  zero 
in a symmetr ica l  way, tha t  is to mul t ip ly  only the 
eentres of the atoms by  uni ty ,  the sign de te rmina t ion  
was very  good, but  when the atoms were mul t ip l ied  
by  zero in an  unsymmet r i ca l  way m a n y  wrong sign 
indicat ions resulted. As soon as the  value of ~ was 
lowered the sign de terminat ion  became very  poor 
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indeed, even when only a slight amount of electron 
density was multiplied by zero. I t  appears, therefore, 
tha t  in the practical case the good sign-determining 
properties of the equations are critically dependent on 
all significant electron density being multiplied by 
uni ty  in the M function. 

This has direct bearing on the 'sharpening' of the 
Patterson function to increase the volume of in- 
significant density in order to improve the quali ty 
of the derived M function. I t  is well known that  series 
termination errors can become quite significant when 
the structure factors are 'sharpened' and these give 
rise to spurious detail  in a Fourier synthesis. As far 
as the M function is concerned this spurious detail, 
whether it be negative or positive, is real and therefore 
must  be multiplied by uni ty  as is the remainder of 
the electron density. Failure to do this greatly detracts 
from the abil i ty of the M function to determine signs 
correctly. This has been borne out in practice and 
it is found that  l i t t le is to be gained in the sharpening 
of the Patterson function. If more data were available, 
such as can be collected by using molybdenum as 
opposed to copper radiation, this would reduce the 
series-termination errors and it ought to be possible 
to sharpen the Patterson function a certain amount 
without serious consequences. 

5. Practical results 

Even though the method had failed to solve the 
one-dimensional structure, it  was possible that  an 
M function as good as M0.83, or better, could be 
obtained for a real structure in three dimensions. 
Two-dimensional work was out of the question 
because a two-dimensional Patterson function would 
not contain sufficient areas of negligible density. 
A known structure was therefore tackled for which 
three-dimensional data were available, namely tetra- 
ethyldiphosphine disulphide (Dutta & Woolfson, 1961). 
This was chosen because it contained only six atoms 
in the asymmetric unit and had a small unit cell. 
Even with this small cell, only reflexions out to a 
sin 0 value of 0-9 for copper Ks radiation could be 
used in the sign determination because of the limited 
store in the Mercury computer used to perform the 
calculations. 

The M function of the structure was obtained by 
the method described in § 2 and the equations for the 
structure invariants were set up and solved, using 
iII reflexions out of the 149 which had been observed. 
The signs determined in this way were quite random 
as compared with the true signs, and the structure 
could not possibly have been solved. However, 
a parallel calculation was performed by using the 
moduli of the structure factors calculated from the 
known structure and the sign determination this time 
was very good, 57 signs being determined correctly 
out of 75. The calculations were stopped at this stage 
because, from experience, it was known that a result 

as good as this can easily be improved to give all 
the signs correctly. 

The main difference between the two calculations 
was in the quali ty of the Patterson function. The 
experimental data with their random errors produced 
a Patterson function with a lot of background density 
and much spurious detail. This resulted in a poor 
M function with a ~ value estimated at about 0.17, 
but with accurate data the background of the Pat- 
terson function was greatly reduced and an M func- 
tion with an estimated ~ value of about 0.48 was 
obtained. This is discussed further in § 7. 

6. Weighted solution of the equations 

It  will be recalled that  the equations give poor sign 
determination until  the signs of the smaller structure 
factors are forced to be zero by omitting these variables 
from the left-hand-side matrix. A better way of 
approximating these signs to + 1 is to add to the 
original equations further equations of the form 

~s(h)=0 

and then to solve the resulting set by least squares. 
S(h) is the sign of F~ and co is a weighting factor 
inversely proportional to ]Fhl. The constant of pro- 
portionality is defined as 

r.m.s.ars 
W. 

r.m.s. 1/]Fh ] 

where r.m.s. 1/IFh[ is the root mean square of all 
the values of 1/IF~[, r.m.s, at8 is the root mean square 
of the elements of the original matr ix  and W is an 
arbi trary constant. It  has been found empirically 
that  the best value for W is unity. One equation of 
this type is included for each variable and in this way 
the signs of the small structure factors which would 
normally tend to take any value between + 100 and 
- 1 0 0  are approximated to zero while the values the 
signs of large structure factors can take are almost 
unrestricted. The improvement in the sign determina- 
tion is such that  the one-dimensional structure may  
be solved by using an M function with a value of 
equal to 0.25. 

7. Future developments  

The Manchester University Mercury computer has 
been used to perform all the calculations and the 
backing store of this machine is limited to 10,752 
words when Autocode is used. When the extra weight- 
ing equations just described are used this limits the 
number of reflexions which can be accommodated to 
65. Even quite a simple structure will probably have 
more than 100 reflexions in each parity group in 
three-dimensional data, so work on actual structures 
will be held up until the new Atlas computer becomes 
fully available early in 1963. The computing times 
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on Mercury tend to be rather long and it takes about 
5 hours to carry out one of the three-dimensional 
calculations performed on tetraethyldiphosphine di- 
sulphide data; to solve this structure completely 
would take an estimated 20 hours of machine time. 
Calculations of this length are not really feasible on 
Mercury, so on this account also development will 
be held up until Atlas becomes available, but a 
number of ideas are waiting to be tried out when time 
and computer permit and are outlined below. 

The weighting equations mentioned in § 6 serve 
to approximate the solutions of the equations to zero, 
this being nearer to ± l than the extreme values for 
some S's obtained without the extra equations. 
A better approximation to ± l would be achieved 
by using equations of the form 

w(S2(h)- I)=0. 

This introduces quadratic equations which must be 
solved simultaneously with the original linear equa- 
tions, and there exists a mathematical technique for 
doing this. 

The sign determination with the experimental data 
for tetraethyldiphosphine disulphide failed because 
of ~he pour quali~y of the Patterson function. The 
present method of deriving the M function from the 
Patterson function is very much dependent on the 
background density of the latter. If a contour level 
is chosen such that  any Patterson density below this 
is considered to be negligible, it is quite possible that  
some of the spurious detail can come above this 
contour and so detract from the quality of the M 
function. On the other hand, a contour level which 
is the height of the lowest genuine peak ought to be 
well above all background density. Using this contour 
to form the boundary between the 'zero' and 'unity' 
in the M function will produce an M function which 
will multiply a certain amount of electron density by 
zero because the Patterson peaks will be effectively 
narrowed. This can be avoided by making the M 
function unity within the necessary radius around all 
the volumes of 'unity'  already present and the 
remainder of the M function will then be zero. This 
method of deriving the M function will be much less 
dependent on the background of the Patterson func- 
tion and so less dependent on random errors in the 
intensity data. 

A very useful prediction to make is the probability 
of the signs given by the equations being correct. 
This could well give an indication of the number of 
signs from a solution of the equations which can be 
accepted as being correct in order to add these terms 
to the right-hand side and redetermine the remainder. 
A method for doing this has been worked out in theory 
but has not yet been tried out in practice. 

Even if these equations do not prove to be very 
powerful in determining signs directly from the 
Patterson function, they could still serve to determine 
the signs of the rest of the structure factors if once 

the phases of the structure invariants were known. 
A Fourier synthesis using the structure invariants 
alone contains the whole structure with extra trans- 
lations added to the space group symmetry. An M 
function derived from such a Fourier synthesis would 
be of much better quality than one derived directly 
from the Patterson function, and the sign determina- 
tion using this M function will be very good. 

These equations can be put to further use as a test 
for sets of signs obtained by established direct 
methods. The exact form this test will take is not 
yet known, but many possibilities present themselves 
and these will be investigated in the course of time. 
The advantages of the proposed new test are that  
the test function will be completely independent of 
overlap and of different types of atom and that a 
one-dimensional summation only will be required as 
opposed to the two-dimensional summation necessary 
in the Z-test (Woolfson, 1958). The latter point is 
important because in the computer application of 
direct methods large numbers of plausible sets of 
signs may be generated which must be tested in the 
minimum amount of time. However, it remains to 
be seen whether this new test will be sufficiently 
discriminating against wrong sets of signs to allow 
the correct set to be identified. 

8. Discuss ion  

In § 2 it was mentioned that the equations are solved 
for structure invariants only, that is a structure 
factor whose indices are all even or the product of 
two structure factors belonging to the same parity 
group. This is in contrast with Harker & Kasper 
inequalities (Harker & Kasper, 1948), sign relation- 
ships (Sayre, 1952) and the method of Hauptman & 
Karle (1953), which in general give the sign of a 
product of three structure factors or of a single 
structure invariant. Only in a special application of 
Harker & Kasper inequalities is the sign of a product 
of two structure factors given and then it is always 
negative. It should be noted that apart from this one 
negative indication, inequality relationships can only 
be used to prove signs positive. In addition, sign 
relationships and the method of Hauptman & Karle 
(1953) can give strong indications that the sign of a 
structure invariant (either a single structure factor 

or the product of three related structure factors) 
is positive, but can only give very weak negative 
indications. On the other hand, the latest method of 
Hauptman & Karle (1962), which calculates phases 
directly from the Patterson function, can give negative 
sign indications as well as positive, and the method 
of sign determination described in this paper will 
determine the sign of a structure invariant, with 
equal facility and probability of it being correct, 
whether it be positive or negative. 

From § 5 it appears that at the present stage of 
development simple centrosymmetric structures may 
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be solved provided that accurate three-dimensional 
data are available. Using some of the ideas outlined 
in §§ 6 and 7 should improve the method and it remains 
to be seen whether it will turn out to be comparable 
to established direct methods in its power to solve 
structures. At the moment no predictions can be 
made about the method and it remains an interesting 
academic project which shows enough promise to 
make further research worth while. The limitations of 
the method are not yet precisely known, but ob- 
viously there will be a limit to the number of atoms 
in a unit cell of a structure whose Patterson function 
will contain a sufficient volume of negligible density.  
This l imit  is thought  to be about  80 atoms. 

As was mentioned previously,  the  use of this method 
is a lmost  certain to be l imited to three-dimensional  
work, but  this should not  be a great  d i sadvantage  
in these days  of au tomat ic  di f f ractometers  and high- 
speed computers.  Indeed,  it  is well suited to a com- 
pletely au tomat ic  solution of a s t ructure,  since very  
few decisions must  be made during the course of the 

calculations and  these could easily be programmed 
in a computer .  

The authors  wish to t h a n k  Dr  R. A. J ames  of the 
Mathemat ics  Depa r tmen t  of this College for his 
assistance with some of the ma themat ics  connected 
with  this project.  One of us (P. M.) acknowledges 
with  thanks  a research s tudentship  from the Depar t -  
ment  of Scientific and Indus t r ia l  Research.  
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A recurrence procedure is given for the calculation of the mean amplitude, its dispersion, and the 
mean intensity diffracted by a set of lattice sites occupied at  random by atoms of various kinds. 
A three-dimensional lattice is treated when no correlations are present. An example (with no cor- 
relations) is given which pertains to Mossbauer scattering, and explicit formulae are given if 
there are only two types of atom with correlations. 

1. I n t r o d u c t i o n  

I f  a crysta l  contains a toms of iron of normal  isotopic 
composition, the iron a toms will all be s i tua ted  a t  
lat t ice sites, bu t  2-2% of the  sites will be occupied 
by 57Fe atoms,  d i s t r ibu ted  a t  random.  These STFe 
a toms dif f ract  X- rays  in exac t ly  the same way  as 
the other  iron a toms except  for wavelengths  in the 
neighborhood of 0.86 •. At  about  this wavelength  
X- rays  can be resonant ly  sca t te red  by  the  nuclei of 
the  57Fe a toms as well as the atomic electrons. Since 
the phase and ampl i tude  of the  nuclear  resonance 
scat ter ing can be var ied  in a controlled way  (Mossbauer 
effect), interference effects between scat ter ing from 
the atomic electrons and the  nuclei are to be expected,  
and  these have ve ry  interest ing implications for the 
phase problem. F rom the point  of view of diffraction,  
however,  the problems are:  to calculate the  average 
ampl i tude  sca t tered  from a set of a toms dis t r ibuted  

a t  r andom a t  la t t ice  sites, to see whether  the distr ibu- 
t ion of ampl i tude  is well defined about  the  average,  
and,  if it  is, to calculate the  interference between 
this  ampl i tude  and  the ampl i tude  of the normal  X - r a y  
scat ter ing f rom the atomic electrons. This will be 
discussed briefly in § 2. 

In  f inding the  solution to this problem, a simple 
recurrence procedure was found which could be used 
to obtain  fa i r ly  complete s tat is t ical  informat ion about  
more general  problems, and  the  purpose of this note 
is to apply  the  procedure to the case where lat t ice sites 
are occupied a t  random by several different  types  of 
a tom. The results  for the  average sca t tered  in tensi ty  
seem to be known in the  case where there are no 

cor re la t ions  between a toms of var ious types.  Neares t  
neighbor correlations have been considered by Hen- 
dricks & Teller (1942), Wilson (1942), and Jagodzinski  
(1954), bu t  again  only for the  intensi ty .  

Consider an  ideal la t t ice  of N sites which m a y  be 


